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Abstract 

The failure of the the loop expansion and effective lagrangians in two 
dimensions, which traditionally hinges on a power counting argument is con- 
sidered. We establish that the book keeping device for the loop expansion, a 
role played by (the reciprocal of) the pion-decay constant itself vanishes for 
d = 2, thereby going beyond the power counting argument. We point the 
connection of our results to the distinct phases of the candidate for the effec- 
tive lagrangians, the non-linear sigma model, in d = 2 + e, and eventually for 
d = 2. In light of our results, we recall some of the relavant features of the 
multi- flavor Schwinger and large Nf QCD2 as candidates for the underlying 
theory va. d = 2. 
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1 Introduction 



It has been argued 0] that when a physical amplitude from Feynman diagrams 
using the most general Lagrangian that involves the relevant degrees of freedom and 
satisfies the assumed symmetries of the theory is calculated, then this amounts to 
writing down the most general amplitude that is consistent with the general princi- 
ples of relativity, quantum mechanics and the assumed symmetries. This argument 
(which awaits a formal proof 0]), suitably generalized leads to the modern effective 
field theory of the low-energy strong interaction physics ^ |^ involving the pseudo- 
scalar degrees of freedom, allowing for a loop-expansion. A power counting argument 
due to Weinberg that justifies the use of the effective lagrangians/loop expansion is 
a cornerstone of these techniques The effective lagrangian at leading order 

is the non-linear sigma model with the pion decay constant Fj^ playing the role of 
the (reciprocal of) the coupling constant. Furthermore, inverse powers of the pion 
decay constant play the role of a book keeping device for the loop-expansion. It 
has been noted that the power counting argument is general enough to admit an 
analysis in dimensions 7^ 4, and it follows from there that the loop-expansion fails 
in c/ = 2 §. 

A well-known result in c? = 2, due to Coleman and Mermin and Wagner [|^, 
is that spontaneous symmetry breaking cannot occur. It has been pointed out that 
one of the original proofs provided for the Goldstone mechanism [Q, breaks down 
for d = 2 , which follows from the impossibility of defining a massless scalar field 
theory [TD|, |rT| for d = 2. The latter result is rigorously true, as it is based on the 
underlying Wightman functions of field theory. Also it might be legitimate to take 
the following point of view: the Coleman-Mermin- Wager theorem says that there 
are no Goldstone bosons in d = 2 and as a result it is not necessary to speak of an 
effective field theory. In constrast, we have found it more fruitful to examine the 
foundations of the programme of effective lagrangians. Here, we shall show that the 
impossibility of defining a massless scalar field in d = 2 implies that F^^, the book 
keeping device of the loop expansion vanishes identically, thereby providing a new 
insight for the failure of the effective lagrangian technique in d = 2, and which is 
independent of the loop expansion. This is the main conclusion of the present work. 
We note that our proof will be valid only in the case of non-anomalous currents that 
interpolate between the vacuum and the candidates for the one-pion occupation 
number states. 

A careful discussion of all the underlying assumptions of the program, and an 
investigation of the manner in which they breakdown in d = 2 is presented, and the 
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properties of the underlying theory and that of the effective theory separately. In 
what follows the results do not particularly depend on whether the symmetries are 
actually the axial vector symmetries, or whether the Goldstonc bosons are actually 
the pions. We shall, however, stick to the standard terminology, since no confusion 
is likely to arise. 

In Section 2 we discuss the foundations of effective lagrangians and the power 
counting argument. We recount the main assumptions and examine all the assump- 
tions critically and comment on possible generalizations. In Section 3 we revisit 
the Goldstone mechanism with emphasis on the causes of its breakdown for o? = 2, 
by studying more than one proof of the theorem. A central result we present here 
is that the phenomenological pion-decay constant has to vanish identically in this 
case. Wc also discuss the relationship of our result with the established results for 
the non-linear sigma model for li = 2 -|- e and for d = 2. In Section 4 we examine the 
implications of our results, to some candidates for the underlying theory such as the 
Schwinger and large Nf QCD2 models. In Section 5 we summarize our conclusions. 

2 Effective Lagrangians and Power Counting 

We consider the case of massless QCD with two quark flavors with the spontaneous 
breakdown of chiral SU{2)l x SU{2)[i to SU{2)v- The Goldstone theorem then 
requires that the following identity be verified: 



where the Ai are the currents associated with the broken generators and the tt" are 
the three pions, and (~ 184 MeV in four dimensions) is the phenomenological 
pion decay constant. We will later see that the "pion" is merely required to be 
a single-particle occupation number state, which transforms as a (pseudo-) scalar 
under the Lorentz transformation; the "pion-decay constant" will essentially stand 
for a measure of the probability amplitude for a current to interpolate between the 
vacuum and a one-particle occupation number state. The statements above may 
easily be generalized to the breakdown of a symmetry G ^ H, where G and H are 
global symmetries associated with underlying theory, the "pions" resulting from its 
(possibly unknown) dynamics of the underlying theory. There may be no a priori 
guide to knowing what H could be and how the pion-decay constant (s) could be 
related to the parameters of the underlying theory. We will also treat equations of 




(2.1) 
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the type given in eq. ( p.l|) as the equation to define the pion decay constant matrix, 
in the case of a generahzed breakdown G H . It will also not be necessary to 
refer to any generator as being broken or not; in general, the number of currents 
will be the dimension of the group of symmetries and the number of "pion" states 
can also be as large as the dimension of the group. In this work, we shall show that 
all pion-decay constants in the sense described above vanish in = 2. 

At leading order, the identify eq. ( p.lD is reproduced, due to the Lie-algebra 
isomorphism between SU{2) x SU{2) and 0(4), by the non-linear 0(4) sigma model 
lagrangian. 

This yields the first term of the derivative expansion, at 0{p'^), which is a term of 
0(1/-F^). This follows from the expression for the Noether current 



:i + 7rVF2) F2(l + 7f7F2) 



+ ... (2.3) 



associated with the invariances of the model, described in great detail in Chapter 
19 of Ref. (see also Ref. [|l3)- It must be noted that the coupling constant of the 



sigma model defined by the equation abovis Some additional remarks are in 

order: (a) the structure of the symmetry alone, and the assumption that Goldstone 
bosons are present in the spectrum dictate the form of C^'^^ and is therefore valid in 
arbitrary dimensions. We note, however, that in the case of axial-vector symmetries 
there is something of a confiict, since 75 is defined only in even dimensions. Our 
point of view is one where the underlying theory is considered to be well defined in a 
given space-time dimension and the corresponding effective lagrangian is constructed 
in that dimension and then continued to d —>■ 2, and (b) the expression for the 
Noether current is obtained by treating the Lagrangian around its perturbative 
vacuum, which assumes that the interactions of the model do not alter the spectral 
assumptions, viz., that the pions are present in the spectrum as massless particles, 
and furthermore, and this is important for our considerations, that the expansion 
parameter of the model remains perturbative. 

The power counting analysis corresponding to the low energy expansion of the 
path integral is based on the observations that (a) Goldstone bosons have only 
derivative couplings and each derivative brings in a power p of the momentum, (b) 
that each loop in d dimensions brings in the momentum p'^ powers of momentum 
from d'^p integral in the loop, and (c) that each internal line brings in p"^ powers of 
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the momentum from the term in the denominator of the propagator. Thus the 
presence of a vertices Vi of order dj, in an arbitrary diagram 7 with L loops and / 
internal lines, are associated with the contribution to the generating functional of 
order 0(p*^t), where 

0^ = Y. ^i^^ + dL- 21. (2.4) 

i 

One may eliminate / through the use of the topological identity 

L = /-^r, + l, (2.5) 

i 

to obtain 

0^ = Y.Vi{di-2) + {d-2)L + 2. (2.6) 

i 

This shows clearly why in (i = 4 at tree-level where there is only one type of vertex 
of order 2 and no loops, the chiral power counting produces contributions of O(p^), 
and why the loops are suppressed by two powers of the momentum. The argument 
above leads in general to a power- counting that facilitates a low-energy expansion 
of Green's functions in the powers of the momenta based on non-renormalizable la- 
grangians. An attempt to work out the theory at one-loop level leads to divergences, 
which are then absorbed in the parameters of a new lagrangian C^^\ The Green's 
functions of the currents computed with this lagrangian are then accurate at O(p^); 
it is also easy to see that the expansion is also one is powers of F~'^. Note that 
the loops of C^'^'^ account for terms of 0{p'^). Setting d = 2 shows that the loops 
are not suppressed and thus the effective lagrangian analysis which start with 
only tree-level contributions cannot work in c? = 2. In what follows, we shall show 
the apparent failure of the loop-expansion can infact be traced to the absence of an 
expansion parameter; the pion-decay constant itself will vanish and an expansion in 
powers of is ill-defined. This result is derived from an analysis of the underlying 
Wightman functions of field theory and is independent of any lagrangian analysis. 
Whereas it has been recognized that the field parameterization independence of ef- 
fective lagrangian techniqes [|13] have analogs from results in axiomatic field theory 
due to Haag ||T^ , our results unfortunately do not provide such an analog in arbitary 



dimensions to the discussion of Ref. [^], where the justification for program of effec- 
tive field theory is carried beyond those of current algebra, and is provided in terms 
of a direct analysis of the Ward identities of QCD via the generating functional 
technique. 
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3 The Goldstone Mechanism Revisited 



The failure of the Goldstone mechanism in 2 dimensions was demonstrated by con- 
sidering one of the proofs and exhibiting the precise manner in which is fails, which 
we briefly recapitulate. In the notation of Ref. consider a scalar field theory 
described by a local scalar field and if is a conserved current, then the scalar 
field defined by 

6^{y) = tj rf'^-ix[jo(xo,x),0(|/)], (3.1) 

where the integration is over the spatial dimensions, is such that its vacuum ex- 
pectation value, for the Goldstone mechanism to succeed, should differ from zero, 
i.e., 

(O|50(O)|O)^O. (3.2) 

In 2 dimensions, however, it can be shown that this integral must vanish. This is 
related to the fact that the Wightman function: 

(0|r^(a;)r^(0)|0) = j l^e^'^^ 6(^)9 (ko) (3.3) 

fails to be well-defined, where ri{x) describes a free massless scalar field satisfying the 
equation Orj = 0. In other words, it is not possible to define a free massless scalar 
field theory in two dimensions, and that the Feynman propagator in two dimensions 
Af{x — y) is also not well-defined. 

Of the two proofs of the Goldstone mechanism in general that were proposed in 
Ref. the second proof of Ref. |^ considered the effective action r[0] and imposed 
on it the condition of invariance. Here we consider, in the notation of Ref. 0, the 
case of the invariance of a field theory described by a set of hermitian fields (possibly 
composite) subjected to the linear infinitesimal transformations 

0n(x) ^ 0„(x) + (7"(t,)™0„(x) (3.4) 

where the ta are the generators of the underlying symmetry and the g"' are the pa- 
rameters that parametrize an infinitesimal transformation. The symmetry is com- 
pletely described the by commutation relations of the algebra given by 

where the /J^ are the structure constants of the algebra. The set of conserved 
currents associated with the symmetries J^ix) are such that: 

d.JHix) = (3.6) 
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and the corresponding charges are 



Q^ = j rf^-ixJ°(x) (3.7) 

which satisfy the algebra 

[Q.,Q(,]=tf2pQ,. (3.8) 
We also have the the transformation law: 

[Q^,r{x)] = {tc.)inx), (3.9) 

leads us to the consideration of the "order parameter matrix" of vacuum expectation 
values 

cr = H)(oi[Qa,r(x)]|o) (3.10) 

The assumption of translational invariance then implies the following statement for 
the effective potential with T[(j)] = —W{(j)), where V is the space-time volume: 

^^g-(Q:^r = o- (3.11) 

Taking a second derivative of this expression with respect to the field, and the 
assumption that the potential is minimized for 0^ 7^ 0, {viz, that the symmetry is 
spontaneously broken) then implies: 

T.Srl9''ita)n^m = 0. (3.12) 

In order for this equation to be satisfied, the matrix 

d(f)nd(j)i 

must have zero eigenvalues, whose eigenvectors would be inverse propagators for 
massless scalar fields. However, as noted earlier in c? = 2 the corresponding propa- 
gators are ill-defined. It then follows that the assumption 0„ = we made in the 
first place is wrong and this implies that the Goldstone mechanism fails. This proof, 
however does not yield the desired result. 

A third proof of the Goldstone mechanism, is the consequence of a Ward iden- 
tity |T^. This is shown by considering the following time ordered product: 

Frix) = {o\TJi:{x)rmo) (3.13) 
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which satisfies the following equation for its divergence: 



The assumption of current algebra that the commutation rules hold at the local 
level, viz., 

0-^(0)] = s^''-'\^)[Q^,rm = -5^'-'\^)it^)':no), (3.15) 

leads to the Ward identity 

a^(0|T4^(a;)r(0)|0) = J-(0|<^"(0)|0). (3.16) 

The Fourier transform of F^^{p) then obeys the equation: 

{-^)p,Fr{p) = -(t.):r(oi0"(o)io) = (3.17) 

From Lorentz invariance, F^"^{p) must have a pole at p"^ = 0. This implies the 
existence of massless bosons, the pions tt". The number of pions depends on the 
characteristics of the order parameter matrix, viz. the residual symmetry. One may 
also define the following matrix elements 

pa ip-x nmap-ip-x 

iW^)\-'iP)} = pJ.-.V.^ . {-"(P)ir(.)IO) = (3.18) 

[we have reserved the symbol for the case of QCD] which is then related related 
to the order parameter matrix eq. (|3.10|) 

a=l 

A crucial assumption that goes into the construction above, is the existence of one- 
particle occupation number states, which furnish a representation for the Lorentz 
group, and must transform as (pseudo-)scalars, in order to not break Lorentz in- 
variance. [The absence of such states would not allow us to even define the matrix 
elements of interest to us, and Fj^ in particular would remain undefined.] This as- 
sumption can then be translated to a field renormalization prescription by which 
Qam _^ g held fixcd. This proof, however, breaks down in = 2 since in the 

intermediate step, eq. ( |3.16| ), the vacuum expectation of the commutator encoun- 
tered with arbitrary scalar operator 0™, where 0"^ is only required to transform as 
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a Lorentz scalar, and vanishes due to a generalization of eq. (|3.2|) . This must imply 
that the constants for the choice must be zero. 

As an illustration, let us consider the case in d > 2 of the 0{N) linear model 
broken down to 0{N — 1) through the vacuum expectation value of the direction 
(1,0,...0) of a scalar multiplet transforming in the vector representation of 0{N). 
It has been shown in Ref. that for this case, the following maybe established: 

= 5^F, G"-^ = 5"-^G, a,b = 2, N, and that all other pion-decay constants and 
field renormalization constants vanish, [here there is only one pion-decay constant]. 
The only non-vanishing then are those of the structure FG6^. However, for 
d = 2, these too would have to vanish. Note once more that a field renormalization 
prescription has to be available in order to render the |7r"(p)) to be well-defined. 
Thus, since G is held fixed, we must therefore have, F = 0. In the above, the 
discussion may as well have been for QCD, with the scalar field that acquires a 
vacuum expectation value replaced by an appropriate composite operator therein, 
and upon further specializing the discussion to the 0(4) case (alternatively the 
SU (2) X SU (2) case, with the currents now identified with the axial vector 
currents Ai) we see that 

F^{d = 2) = (3.20) 

as required. This proof, however, cannot be extended for the general case, where 
little is known about the structure of the entries of the pion-decay constant matrix 
and the field renormalization prescription matrix elements G"™. 

A final proof we consider that avoids taking a recourse to the field renormalization 
prescription arises when we consider the spectral representation for products of 
currents: 

Y^6'{p-p^){omo)\N){o\j;^mNy = {2ixf-%p,) 

N 

X [(p'^^ - p^p^p') pg( V) + P'p'p^aii-P')] , (3.21) 

where the p^*^, i = 0,1 are spectral densities. Taking the Fourier transform and 
using the completeness of the states |A^), this can be written as: 

r ,„, ni/ Ox 

X 



where 



- (pS(/^') + pS(/^')^') d^d"^] A+(x; p^), (3.22) 
A+(x; p2) = J rfV(Po)'5(p' + /i') expitp ■ x) (3.23) 
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It may then be easily shown, using current conservation (viz., only for non-anomalous 
currents) that 

pS(V) = 5(V)EW- (3-24) 

a 

Indeed, it has been pointed out in Ref. Q that a delta-function singularity is forbid- 
den on the light-cone in momentum space m. d = 2 for scalar fields, which in turn 
implies that the matrix K whose elements are given by X^a Pa^p"" vanishes identi- 
callyQ, in order to render eq. (|3.24| ) meaningful. The matrix K is real symmetric 
due to the vanishing of the commutator (0| [J^(a;), J^(0)] |0) for space-like separa- 
tions, and furthermore, the one-particle basis |7r"(p)) can always be rotated in such 
a manner that the pion-decay matrix whose elements may be brought to a real 
diagonal form such that = 6'^F(^a)- In this basis, it is easy to see that 

pS(V) = 5(V)i^wi^(/.)5°". (3.25) 

At this point, we shall pick this basis and it is then, a straightforward exercise to 
demonstrate that the F(^a) all vanish. This proves our proposition. 

What can then be said about the non-linear sigma model and the currents of the 
non- linear sigma model in the light of the above? In the case of the 0{N) non-linear 
sigma model, for ci = 2-|-e, it is known that the model exhibits a phase transition O, 



T6| . A weakly coupled phase which is one where the system is in the spontaneously 
broken phase; it is precisely this phase which is required to reproduce, say eq. ( p.2|) 
for = 4 and serves as the effective theory for an underlying theory with Goldstone 
bosons. Since the coupling constant of the non-linear sigma model is F~'^, the 
weak coupling phase is one the in which F^ cannot approach zero. A second phase 
exists, which is a strongly coupled one with a bound state a particle which is mass 
degenerate with the "pions," and the model can no longer be the effective low energy 
lagrangian of QCD in c? = 2 + e. The collective modes of the resulting model have 
been extensively studied, and the model now realizes the complete 0{N) symmetry 
linearly |T^. In ci = 2, only the strongly coupled phase is realized in accordance with 
our findings. Another manner in which these results can be qualitatively understood 
is that loops are unsuppressed, and even if a classical minimum is chosen in the 
linear sigma model which breaks the sjnnmetry, the effective potential restores the 
symmetric minimum [ |17|1 . 



1 Constrast this with, in the notation of Ref. |6|, / d2a;exp''=-^(0|j^(x) 0(O)|O) = akfj,S{P)e{ko) + 
^fii^k'^ pik^)0iko), where u is a numbers and p is a scalar distribution. Here the first term is well- 
defined due to the taming of the infra-red singularity residing in the delta- function by A;^. As a 
result, the proof that a must vanish, is non-trivial [|6|. 
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4 Underlying theories in 2 dimensions 



It has been known for sometime that gauge theories in d = 2 exhibit interesting 



and important properties. The best studied example is the Schwinger model |]TT 
massless QED is d = 2 with one flavor which exhibits confinement, charge screening 
and chiral symmetry breaking, associated with the U{1) x f/(l) symmetries. The 
symmetries of interest to us in the present work, are those associated with Nf flavors, 
and in particular the SU{Nf)L x SU{Nf)fi symmetry, which remains unbroken as 
expected [jl8|. For the case of two flavors, the theory has been again been recently 
studied in somewhat greater detail and the interactions associated with the so- 
called "analog pions" and "analog sigma" that realize the 0(4) symmetry that is 
associated with this flavor symmetry. The results here remain in accordance with 
our findings. 

Another interesting class of models are those based on SU{Nc) gauge symme- 
try, with the fermions transforming in the fundamental representation and with 
Nf flavors. These provide a category of underlying theories that reflect our own, 
viz., QCD. These models have been widely studied in the context of non-abelian 
bosonization pOf. The limit oo, Nf = 1 is the well-known 't Hooft model pT 



which has no spin-zero bosons. The latter theory has been solved exactly in the 
large Nc limit and does not warrant a low energy analysis. A massless, multi-flavor 
version of this model has been considered with Nc fixed and Nf —>■ oo [^, whose 
spectrum simplifies to one that is N^ — 1 copies of the abelian spectrum. Here, it is 
clear that the SU{Nf)L x SU{Nf)[i symmetry remains explicitly unbroken. 



5 Conclusions 

A detailed analysis of the failure of the Goldstone mechanism in d = 2, first encoded 
by the Coleman and Mermin and Wagner theorem, reveals through the analysis of 
the Ward identities and spectral representations of the correlation functions of cur- 
rents, that the phenomeno logical pion-decay constant (s) must vanish. In this man- 
ner, the would be effective lagrangian whose structure is fixed by the symmetries and 
the reciprocal of the pion-decay constant, for d = 2 + e goes into a strongly coupled 
(and indeed for e = exists only in a symmetry restored) phase, thereby vindicating 
the heuristic power counting argument that says that effective lagrangians must fail 
as we near d = 2 for theories with pions. Our work shows the latter can essentially 
be justified on formal grounds in field theory. Our work is also consistent with re- 
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suits established in the past concerning global flavor symmetries in exactly solvable 
models, including the multi-flavor Schwinger model as well as large Nf QCD2. 
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